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Abstract
Properties of the quark-gluon plasma(QGP) in the presence of the baryon chemical potential µB
are studied using the Field Correlator Method(FCM). The nonperturbative FCM dynamics includes
the Polyakov line, computed via colorelectric string tension σE(T ) and the quark and gluon Debye
masses, defined by the colormagnetic string tension σH(T ). The resulting QGP thermodynamics
at µB ≤ 400 MeV is in a good agreement with the available lattice data,both pressure and the
sound velocity do not show any sign of a critical behavior in this region.
1 Introduction
The main result of heavy ion experiments, performed over the last 15 years at RHIC and then at
RHIC and LHC, is the discovery of a new form of matter [1–5] with its properties markedly different
from the pre-RHIC era predictions, see [6–15] and references therein. Instead of the commonly assumed
picture of a weakly interacting Quark-Gluon Plasma(QGP), one possibly has a strongly coupled liquid
subject to the law of the relativistic hydrodynamics [16–18].The properties of the produced matter
drastically change during several stages of evolution: from the stage of formation, hydrodynamization
and thermalization towards the hadron gas production. The wealth of the QCD matter phases is
reflected in the QCD phase diagram drawn in the (µ, T ) plane. However, the correspondence between
the specific(µ, T ) domains of the phase diagram and the space-time dynamics of the fireball should be
considered with caution. The reason is that the phase diagram describes the limit of an infinite system
in thermodynamic equilibrium.
From the theoretical viewpoint the matter created in heavy ion collisions should be described by
the fundamental laws of QCD. For these reasons the dynamics and thermodynamics of QCD at finite
temperatures is now in the focus of numerous investigations. At this moment one of the main sources
of information is the lattice calculations. The presence of strong interaction in QGP at zero baryon
density was demonstrated in numerous studies [19–24]. They show that the ratio of the QGP pressure
to the non-interacting case is around 0.8 and remains almost constant with increasing temperature up
to 1 GeV.
Another striking discovery in this domain was the analysis of the temperature transition, made in
the 2 + 1 QCD lattice computations, which has shown a smooth crossover in the temperature region
T = 140÷ 180 MeV [25]1
Despite a dramatic progress the question about the structure of the QCD phase diagram at nonzero
baryon density remains open. This happens mostly because lattice methods are strongly restricted to
a domain of small chemical potentials (Nc=3) due to the “sign problem”. To circumvent this difficulty
in the case of Nc = 3 one can use the Taylor expansion around zero chemical potential [27, 28], or use
1This QCD crossover is a new phenomenon, possibly having some analogues in the material sciences and in the
ionization and dissociation processes. The question of the existence of a critical point at finite baryon chemical potential
is still of intense interest [26].
1
ar
X
iv
:1
90
6.
08
67
7v
1 
 [h
ep
-p
h]
  1
9 J
un
 20
19
imaginary chemical potential [29]. Another possibility is to decrease the number of colours to Nc = 2,
where the sign problem is absent [30–33].
From all these facts the need for analytic methods that can help with investigation of QGP thermo-
dynamics and QCD phase diagram becomes obvious. In this paper we will focus on the Field Correlator
Method (FCM), which is applicable in QCD at any chemical potential and any temperature [34–39]. In
this method the nonperturbative dynamics in confinement and deconfinement regions is based on vac-
uum properties, described by gluonic field correlators [34–48] and the key role is played by correlators
of colorelectric fields DE and colormagnetic fields DH , which provide colorelectric confinement (CEC)
with the string tension σE(T ) and colormagnetic confinement (CMC) with the string tension σH(T ).
The latter being calculated from field correlators and on the lattice, grows with T , σH(T ) ∼ g4(T )T 2
and insures the strong interaction at large T mentioned above. It is interesting to note, that in the
FCM the crossover phenomenon is connected with the gradual vanishing of the vacuum confining
correlator DE(z) (and the resulting string tension σE(T )) with the growing temperature. The same
phenomenon of the “melting confinement” can be observed in the SU(3) gluondynamics [45], where the
string tension σ(T ), measured on the lattice [49–52] is also decreasing with T , but in the case of SU(3)
it cannot smoothly match the fast growing gluon pressure (in contrast to the slowly growing glueball
pressure due to large glueball masses >∼ 2 GeV). As a result, one has a weak first order transition in
SU(3), [45] while in the nf = 2 + 1 QCD with low mass mesons the smooth matching of pressure is
achievable in the course of transition.
As a proof of this picture one can use the quark condensate vanishing with T [53], which is connected
with confinement via 〈q¯q(T )〉 ∼ σ3/2(T ) [54–56].
One can see many important questions in QCD that could be investigated by the FCM, and we
will focus on one of them: the main task of this paper is to give a self-consistent description of QGP
at nonzero µB.
We shall use below the formalism exploited before for description thermodynamics of gluon plasma(GP)
of and [44–46] and extended it to the QGP case in [47,48].
The paper is organized as follows: In section 2 we introduce the FCM in the case of finite temper-
ature and chemical potential. In section 3 we calculate the Polyakov line in the case of (2+1)nf QCD.
In section 4 we extend the FCM formalism to nonzero µB. In section 5 we compare our results with
lattice data at zero and finite baryon chemical potential. Section 6 is devoted to conclusions and the
outlook.
2 The Field Correlator Method at Finite temperature
The field correlator method(FCM) is very powerful tool for describing physics of QCD(see [57] for
a recent review) which allows to formulate "confinement" or in other words to obtain the area law of
the Wilson loop in terms of the vacuum background fields, with the field correlators DE , DH ensuring
colorelectric and colormagnetic confinement with the string tensions σE and σH .As a result all hadron
masses are defined in this method only by fermion masses and string tension σE .
All gluon fields Aµ in QCD in the framework of the background perturbation theory [58] can be
divided into vacuum background part Bµ and perturbative part aµ, Aµ = Bµ+aµ, with Bµ contributing
to σE , σH while aµ is treated in the background perturbation theory with the perturbative coupling
constant αs(Q), defined by the scale parameter ΛQCD.
For the hadron spectrum in QCD and for the QCD thermodynamics the basic role is played by the
background fields Bµ, while aµ yield perturbative corrections. On the other hand in high momentum
processes with Q2 M2B = 2piσ = O(1 GeV) the basic role is played by the perturbative fields aµ. The
boundary M2B found in [59] separates both types of dynamics and σ itself defines the scale ΛQCD [57].
In this sense the fields Bµ and aµ can be associated with to the regions Q2 ≤ M2B and Q2 > M2B
respectively.
In thermodynamics at temperatures T ≤MB the basic dynamics is given by the background fields
Bµ which define both colormagnetic confinement(yielding CMC Debye screening) and Polyakov line
interactions. In what follows we shall concentrate on these contributions, taking into account gluon
exchange corrections. The fundamental role in FCM is played by the quadratic gluonic field correlator.
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It consists of two terms D and D1
Dµνλρ = g
2tra < Fµν(x)Φ(x, y)Fλρ(y)Φ(y, x) >= (δµλδνρ − δµρδνλ)D(x− y) + 1
2
[
∂
∂µ
(xλδνρ − xρδνλ) (1)
+ (µλ↔ νρ)]D1(x− y)
where the fields Fi4, F4i refer to DE , DE1 and Fik to the DH , DH1 correlators. One can obtain string
tension via DE , DH :
σE,H =
1
2
∫
DE,Hd2z (2)
At zero temperatures σE = σH . For the description of GP or QGP one needs to extrapolate the
basic principles of FCM to finite temperatures. We must take into account that at finite temperatures
the confinement-deconfinement transition occurs. In our formalism that means that electric string (or
colorelectric correlator DE) has to vanish. But there is no restrictions on the value of colormagnetic
correlator (or alternatively on the existence of colormagnetic string tension σH). As shown by analytic
[60] and lattice studies σH grows quadratically with temperature. As a result for T > Tc there is no
confining string between colour charges, but there is still non-perturbative interaction between them i.e.
colorelectric (CE) interaction, contained in the Polyakov line L(T), and the colormagnetic confinement
(CM) in a spatial projection of the Wilson loop. Analysis of physics of QGP in terms of FCM made
in [40–43,61,62], also confirmed the important role of Polyakov loops for description of thermodynamic
of GP and QGP. In [44–48] also the CMC interaction was taken into account, providing a selfconsistent
dynamical picture in a good agreement with lattice data. As for CMC it is the main interaction in
QGP, operating above transition temperature, as was observed in lattice data [63], where the CMC
correlators 〈trFi(x)Φ(x, y)Fik(y)〉 have been measured.
It was found in [64] that CMC does not support white bound states in qq¯ and gg systems at zero
temperature, however it can create the screening mass M(T ) of isolated quarks and gluons [44–47,60],
which grows with temperature so that the ratio M(T )T is constant up to the logarithmic terms.
As it was shown in [40–48] the most convenient for QCD thermodynamics is the T-dependent path
integral (worldline) formalism, where pressure can be written in the form [40,43,45]
Pgl = 2(N
2
c − 1)
∫ ∞
0
ds
s
∑
n=1,2..
Gn(s). (3)
Here s is the proper time, and for Gn(s) one can obtain:
Gn(s) =
∫
(Dz)ωonexp(−K)tˆra < W aΣ(Cn) >, (4)
where K = 14
∫ s
0 dτ
(
dzµ
dτ
)2, and W aΣ(Cn) is the adjoint Wilson loop defined for the gluon path Cn,
which has both temporal (i4) and spacial projections (ij), and tˆra is the normalized adjoint trace.
When T > Tc the correlation function between CE and CM fields is rather week [40]:
< Ei(x)Bk(y)Φ(x, y) ≈ 0 (5)
and therefore, the expression for the Wilson loops is factorized [45]:
< W aΣ(Cn) >= L
(n)
adj(T ) < W3 > (6)
with L(n)adj ≈ Lnadj for T ≤ 1 GeV. One can integrate out the z4 part of the path integral (Dz)ωon =
(Dz4)
ω
onD
3z, with the result
G(n)(s) = G
(n)
4 (s)G3(s), G
n
4 (s) =
∫
(Dz4)
ω
one
−KL(n)adj =
1
2
√
4pis
e−
n2
4T2sL
(n)
adj (7)
3
This factorization holds also for quarks and will be used below (with the change of the adjoint repre-
sentation to the fundamental one).
The resulting gluon contribution is
Pgl =
2(N2c − 1)√
4pi
∫ ∞
0
ds
s3/2
G3(s)
∑
n=0,1,2,...
e−
n2
4T2sLnadj , G3(s) =
∫
(D3z)xxe
−K3d < tˆraW a3 > (8)
The inclusion of colour-magnetic interaction leads to the generation of a non-perturbative Debye
mass MD for gluons and quarks. For gluons Madj ∼
√
σH(T ), one can take it into account by an
approximate expression for 3d Green function [45]:
G3(s) =
1
(4pis)3/2
√√√√ (M2adj)s
sinh(M2adj)s
(9)
It should be mentioned that the resulting gluon pressure Eq. (8) is in a good agreement with the
lattice data [45].
In the non-interacting case i.e. σH = 0 and Ladj = 1 one obtains the ideal gas pressure:
Pgl = P0 =
(N2c − 1)
45
pi2T 4 (10)
For quarks one can write the expression in the same form as in (8), but with the quark mass term
e−m
2
qs:
Pf =
∑
q=u,d,s
Pq, Pq =
4Nc√
4pi
∫ ∞
0
ds
s3/2
e−m
2
qsS3(s)
∑
n=1,2,...
(−)n+1e− n
2
4T2sLnf (11)
S3(s) =
1
(4pis)3/2
√√√√ (M2f )s
sinh(M2f )s
,M2adj =
9
4
M2f , L
f
n = (L
adj
n )
4/9 (12)
And again in the case of massless non-interacting fermions one obtains:
Pf = NcNf
7T 4
180
(13)
The full pressure reads as:
Ptot = Pf + Pgl (14)
Integrating over ds in (11) and replacing the square root term in (12) by an approximate exponential
term [46,48] one obtains
Pf =
∑
q=u,d,s
Pq,
Pq(T, µ)
T 4
=
2Nc
pi2
∑
n
(−)n+1
n2
LnK2
(
M¯n
T
)
M¯2
T 2
, (15)
where M¯ =
√
m2f +
M2(T )
4 , M(T ) = a
√
σs(T ), a ≈ 2.
To include the effects of the baryon chemical potential we should do the substitution:
Lnf → Lnf cosh(µn/T ) (16)
The expression for the pressure reads as:
Pf =
∑
q=u,d,s
Pq, Pq =
4Nc√
4pi
∫ ∞
0
ds
s3/2
e−m
2
qsS3(s)
∑
n=1,2,...
(−)n+1e− n
2
4T2sLnf cosh(
µn
T
) (17)
S3(s) =
1
(4pis)3/2
√√√√ (M2f )s
sinh(M2f )s
,M2adj =
9
4
M2f , L
f
n = (L
adj
n )
4/9. (18)
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3 Polyakov line calculations.
The thermodynamics of QGP in FCM is defined by two main ingredients: the np screening masses
M(T) are calculated via σH(T )and known both analytically and on the lattice [62, 65].This part is
especially important at high T due to the growth of σH(T ). Another important ingredient is the
Polyakov line L with the dynamics defined by the field correlators DE and DE1 [61].One of the ways to
calculate L is to evaluate it via the heavy-light mass MHL [66],which can be compared with the lattice
data for L(T) [53].Here we are using as in [66] the mass MHL(T ),which is T-dependent due to the
temperature dependent string tension σE(T ),studied repeatedly on the lattice [53], with the relation
MHL(T ) ∼
√
σE(T ). To find σE(T ) explicitly one can use a connection between σE(T ) and the quark
condensate q¯q(T ) found in [54–56], which can be associated with the T-dependent quark condensate,
since in the FCM approach the latter is produced by the scalar confinement [54–56]. Indeed, the lattice
data on σ(T ) and q¯q(T ) show a similar behaviour [19,53].
The CE string tension in the massless quarks limit is related to the chiral condensate [54–56] as
|〈q¯q(T )〉| = const (σ(T ))3/2. Introducing a dimensionless parameter a(T ) as σ(T ) = σ(0)a2(T ), one
has
|〈q¯q〉(T )| = |〈q¯q〉(0)|a3(T ) (19)
.
The numerical data are shown in FIG.1 .The error band in Fig1 corresponds to the accuracy of the
lattice data in [65]and the solid black line is our FCM curve for LFCM which is mostly inside the error
band,and as will be seen below in the paper,yields a good agreement with lattice data.
Figure 1: The Polyakov line as a function of T/Tc,Tc=160 MeV.Grey band corresponds to LHL within
the accuracy limits of a(T).The solid black line is the LFCM used below in the paper.
4 The QCD thermodynamics at finite baryon chemical potential
One of immediate tests of the FCM thermodynamics is the behaviour of the QGP pressure 2, the
scale anomaly 3 and the speed of sound 4 , where LFCM (T ) and the CMC Debye mass is taken into
account, in comparison with lattice data for µ = 0 and extension to non-zero µ. As will be seen our
eqs (8), (17) are in good agreement with lattice data at µ = 0.2 3
At this point we extend our results to a finite baryon chemical potential. We will use the definition
of the baryon chemical potential in the same way as in [47] i.e. µB = 3µq (not including a separate
2We extended our results to rather high temperatures , just because we wanted to test our basic principles.
3The same is true for the speed of sound in gluodynamics [67].
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Figure 2: The QGP pressure as a function of T/Tc. The grey band is the lattice data of Borsanyi et
al. [20] and the striped band is the lattice data from Bazavov et al. [23].
Figure 3: The anomaly in QGP as a function of T/Tc. The grey band is the lattice data of Borsanyi
et al. [20].
chemical potential for the strange quark). There is the possibility of comparison of our predictions with
the Taylor series extended lattice data [28]. We use the following assumption: according to [42,68,69]
at small densities , µB ≤ 300−400 MeV, we can neglect the influence of the baryon chemical potential
on the Polyakov line.
6
Figure 4: The speed of sound in QGP as a function of T/Tc. The grey band is the lattice data of
Borsanyi et al. [20] and the striped band is the lattice data from Bazavov et al. [23].
The expression (15) can be brought to the form:
Pq(T, µ)
T 4
= f+(T, µ) + f−(T, µ), (20)
f±(T, µ) =
Nc
3pi2
∫ ∞
0
dz
(
z2 + 2z M¯T
)3/2
1 + exp
(
z + M¯T +
V1
2T ∓ µT
) , (21)
where it is taken into account that L = exp
(
−V1(∞,T )2T
)
.
The expression (20) has no singularities at real µ, but f± may get a singularity for imaginary
chemical potentials for Im(µ) = piT due to vanishing of the denominator in (21) at z = −M¯T − V12T .
Hence one can conclude that in the normal situation with real µ and Lf the singularity in P (µ, T )
is absent, this conclusion implies that there is no critical point Tc(µ) in the domain of small baryon
chemical potentials and the analytic structure is affected only by complex singularities. From this
point of view, it seems that our consideration could be extended without any changes to large enough
values of the chemical potential and temperatures T ≤ 1 GeV if we take M¯ and L independent of µ.
To test ourselves we have calculated the pressure at µB = 100, 200, 300 MeV and µB=400 MeV.
As will be seen in the next section there is reasonable agreement between our predictions and lattice
data, without significant changes in QGP state with growing µB.
5 Results and discussion
Below we show our results for the pressure and the sound velocity in comparison with the lattice
data. As was discussed above, we obtained Polyakov line expression via connection with the heavy-
light meson mass , derived from the quark condensate in [19] using eq. (19). The choosen value of the
Polyakov line LFCM is shown in Fig.1 together with the dark region LHL(T ) derived from the quark
condensate. One can see, that LFCM is close to the LHL within its accuracy region.
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The data for Mf (T ) and Madj(T ) = 32Mf (T ) are taken from the exponential approximation of the
square root expression in (9),(12), which was taken as Mf (T ) = 1.6
√
σH , which is near the Debye
mass value, obtained in [62] and ensures the high temperature behaviour of P (T ), which is impossible
to reproduce without this CMC contribution.
One can see in Fig.2 the comparison of our FCM result for P (T ) with the lattice data [43, 46] for
the zero baryon density. The resulting curves coincide within their accuracy limits.
Even more appealing is the agreement of our FCM results for the pressure for µB = 0.1·0.2·0.3 GeV
in Figs.5, 6,7 respectively with the lattice data of [28]. One can conclude, that at low µB, µB ≤ 0.4
GeV the FCM results predict a smooth behaviour of P (T, µB) without any hint of a singular point and
this is in agreement with the analytic structure of P (T, µB) displayed in Eqs. (20,) (21). At the same
time these results agree with the similar conclusions of the lattice studies [28].The slight disagreement
with the lattice data µB = 400 MeV FIG.8 could be connected with renormalization of Polyakov line at
finite baryon densities, for example on FIG.9 we showed the pressure with PoLyakov line, that is scaled
similar to the [70] One should notice that the lattice results for the pressure in [28] were obtained in
the first order of the square of the chemical potential
Figure 5: The QGP pressure as a function of T/Tc for µB = 100 MeV . The grey band is the lattice
data of Borsanyi et al. from [28]
We also plot in FIG.10 the square of the speed of sound
C2s =
n2 ∂
2P
∂T 2
− 2sn ∂2P∂T∂µ + s2 ∂
2P
∂µ2
(ε+ p)
(
∂2P
∂T 2
∂2P
∂µ2
−
(
∂2P
∂T∂µ
)2) , (22)
where we have defined:
s =
∂P
∂T
, n =
∂P
∂µ
, ε+ P = Ts+ µn. (23)
We show in Fig.10 the speed of sound in the range µB = [0, 300] MeV, where the width of the line
is equal to the difference C2s (µB = 300)− C2s (µB = 0). So from the FCM point of view the domain of
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Figure 6: The QGP pressure as a function of T/Tc for µB = 200 MeV . The grey band is the lattice
data of Borsanyi et al. from [28]
Figure 7: The QGP pressure as a function of T/Tc for µB = 300 MeV . The grey band is the lattice
data of Borsanyi et al. from [28]
low chemical potentials µB < 400 MeV is safe and could be described by Taylor expansion in baryon
chemical potential µB, because in this range this series converges, and the radius of convergences is
defined by µT = ±ipi Roberge–Weiss point in Eq. (21).
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Figure 8: The QGP pressure as a function of T/Tc for µB = 400 MeV . The grey band is the lattice
data of Borsanyi et al. from [28]
Figure 9: The QGP pressure as a function of T/Tc for µB = 400 MeV with modified Polyakov line.
The grey band is the lattice data of Borsanyi et al. from [28]
6 Conclusions and outlook
The present paper is devoted to the effects of small baryon chemical potential µB in the dynamics
of QGP.
It is an extension of the study of QCD thermodynamics at vanishing baryon density and is in the
line of the series of papers [40–48] where the QCD thermodynamics is worked out on the basis of FCM.
10
Figure 10: Changing of the speed of sound in the diapason µB = 0..300MeV
We have exploited above the FCM thermodynamics to calculate the QGP pressure at finite baryon
density in the temperature range 1 < T/Tc < 2, where Tc = 160 MeV.
Our basic dynamics was defined by two factors; the Polyakov line that is connected with LHL(T ) =
exp(−MHL/T ), and the colormagnetic confinement ( CMC) in the exponential form with the CMC
quark mass MD = c
√
σH(T ), where c = 1.6 is close to the qq¯ Debye mass in [62] with c = 2.
We have used for the heavy-light mass MHL(T ) calculated from the T - dependent string tension
σE(T ), defined from the quark condensate 〈qq¯(T )〉 measured on the lattice. The Polyakov line LFCM
exploited in the paper is close to the accuracy limits L = exp(−MHL(T )/T )
We have demonstrated that the resulting pressure PFCM (T, µ) is in good agreement with lattice
data of the Budapest-Wuppertal [20, 28] and Hot QCD groups [23] both for µB = 0 and µB = 100
MeV,200 MeV, 300 MeV and reasonable agreement with µB = 400MeV . We have also calculated the
speed of the sound in good agreement with lattice data.
From this point of view our analytic equations (8), (20) can be considered as an analytic counterpart
of the corresponding lattice data.
All this implies the absence of a critical point in the studied range of T and µB from the point of
view of FCM method.
It should be noted however that we have used both MD and MHL independent of µB in the range
µB < 4
ffl
ffl
00 MeV.
The interesting region of high µB, µB > 1 GeV, is possibly hiding a completely different picture,
with a singular behaviour of pressure and sound velocity, as it was found in [65]. However this phe-
nomenon is strongly connected with a possible dependence of L(µ) and MD(µ), to be studied in the
next papers.
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